Utilising Jones' method associated with the Wiener-Hopf technique, explicit solutions are obtained for the temperature distributions on the surface of a cylindrical rod without an insulated core as well as that inside a cylindrical rod with an insulated inner core when the rod, in either of the two cases, is allowed to enter, with a uniform speed, into two different layers of fluid with different cooling abilities. Simple expressions are derived for the values of the sputtering temperatures of the rod at the points of entry into the respective layers, assuming the upper layer of the fluid to be of finite depth and the lower of infinite extent. Both the problems are solved through a three-part Wiener-Hopf problem of special type and the numerical results under certain special circumstances are obtained and presented in tabular forms.
Introduction
The two physical problems (referred to as Problems I and II respectively) considered in this paper involve the determination of the temperature distributions on the surface of a cylindrical rod without an insulated core (I) and (II) inside the surface of a cylindrical rod with an insulated core; the heated rod is allowed to enter with a uniform speed v a two-fluid medium of different depths with two different rates of cooling, producing two quench fronts (see [3] ) that also propagate with the same speed. Recently, in the course of analysing the phenomena of cooling of a single infinite slab as well as a composite slab, in a two-fluid medium, Bera and Chakrabarti ([1] , [2] ) have generalised the mixed boundary-value problems considered in [3, 4, 5, 7, 8] where similar cooling phenomena have been investigated for a single fluid medium.
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with s = V/2K. Problem II : Similarly taking r = a and r = b as the inner and outer radii of the cylinder and using cylindrical polar coordinates (r, 6, x) , with the *-axis as the axis of the cylinder, the mathematical problem of determining the temperature u (2) (r, x, t) is that of solving the diffusion equation
in the region occupied by the non-insulated material of the cylindrical rod, a < r < b, -oo < x < oo, where K is the thermal diffusivity of the material. (The insulated inner core occupies the region 0 < r < a.) Proceeding as in Problem I, we transform (2.3) to an equation which is exactly the same as (2.2). Setting
both the problems under consideration can be reduced to that of solving the partial differential equation
in the respective regions (0 < r < b, -oo < x < oo), for Problem I (2.5a) and (a < r < b, -oo < x < oo), for Problem II, (2.5b) subject to the following boundary and infinity conditions for each problem. Problem I: (i) = 0 at r -a, -oo < x < oo, or a</> (2) (ii) -f-= 0 at r = 6, * < 0, The sputtering temperature of a cooling cylindrical rod in a two-fluid medium 91 lower half-plane Im(a) < +s of the complex a-plane, while O ( /' and 4>, (;) are entire functions of a, so that 3> 0) (a, r) and & U) (a, r), (j = 1, 2), are analytic in the strip |Im(a)| < s.
In the case of Problem I, the appropriate solution of (2.4) can be taken in the form 4>(l)(a, r) = C,/oO/r), (2.7)
where y = +(a 2 +s 2 ) 1 / 2 , with the positive branch of the square root, C\ is an arbitrary constant and / 0 (y r) denotes the modified Bessel function of order zero. Applying the Fourier transform to the boundary conditions (i), (ii) and (iii) for Problem I along with the use of (2.7), we obtain the relations
Eliminating C\ from (2.8) and (2.11), we obtain the following three-part Weiner-Hopf functional relation for the determination of the three unknown functions 4>^!'(a, b)
, and <D' ,
(a, i) [= <bf\a)\, for the problem I:
In the case of Problem II, the appropriate solution of the transformed equation (2.4) satisfying condition (i) can be taken in the form 4> (2) (<x, r) = Ci[l*(yr)K x iyd) + h(ya)Ko(yr)] % (2.14)
where y = +(a 2 + s 2 ) 1/2 as has been used earlier, C\ is an artibrary constant and I n (X) and K n (x) denote modified Bessel functions of order n of the first and second kinds respectively.
Proceeding as in Problem I and using the conditions (ii), (iii) and (iv) for the Problem II along with the use of (2.14) and finally eliminating the constant C x from the resulting equations, we obtain the following different three-part Wiener-Hopf functional relation for the determination of the three unknown functions <t>^'(a), <t>+ 2) (a) and O', (2) (o0, for the Problem II: 
16) y I\(yb)K\(ya) -I\{ya)K\(yb)
If A, = /i 2 and / = 0, we obtain that Kf\a) = Kf\a)\ then (2.15) exactly coincides with (9) of Chakrabarti [4] .
Solution of the Wiener-Hopf equations
Using the two relations of (2.13), we have for Problem I We then factorize K^{a) in the form a) are analytic in the overlapping half-planes Im(a) > r_ and Im(a) < T+ respectively (the details of which will be presented below) and rewrite (2.12) as
We can also express (3.1), after using the factorization (3.2), in the form , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000000485 [7] The sputtering temperature of a cooling cylindrical rod in a two-fluid medium 93 where i/a^1', ±^n (1) are the zeros of yhiyb) + h x l 0 (yb) and yl\(yb) respectively, and A is a known constant.
We also observe that |A", which is free from zeros and poles in the lower half-planer = Im(a) < min(aj 1) , = r + , say, we observe that for Im(a) < C and r_ < C < r + ,
K'-) n =i LV"; -« » ; j (3.7) "ft which can be derived by closing the contour in the upper half-plane, by a large semicircular arc.
Then using (3.7) in (3.5) and splitting additively into -and + functions, we obtain, by employing Liouville's Theorem, where a e lower half-plane T < r + .
We again rewrite (2.12) as ( 3 -9 ) where ( [9] The sputtering temperature of a cooling cylindrical rod in a two-fluid medium
Observe that we can write (see Jones [9] where a G the region above the line (-oo + id, oo + id).
Evaluating the integral in (3.13), by closing the contour in the lower half-plane and using the residues at the poles, we get
Jl- (3.14) , available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000000485
where a e upper half-plane r > r_. Using a --/or*" in (3.8) and a = ia^ in (3.14), we obtain the following twoinfinite system of algebraic equations for the two-infinite unknowns <t> ( where "*i (3.16) It is rather difficult to establish the uniqueness of the solution of the above very complex-looking system (3.15), but the fact that the boundary-value problems under consideration possess unique solutions may be convincing.
Proceeding exactly in the same manner as in Problem I and replacing AT, (a) respectively, we shall arrive at the system of equations similar to that of (3.15) for Problem II. The only other change is that ±/a^2
) and ±/^2 ) are the zeros of
-I i (ya)K l (yb)]+ h^IoiytyKdya) + h(ya)K 0 (yb)]
, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000000485
[11]
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It is interesting to note that the Wiener-Hopf functional relations (2.12) and (2.15) containing the three unknowns ^' ( a ) , 4>+ j) (a) and *', 0) (CK), 0 = 1, 2), in each of the two problems considered here, are tackled in such an elegant way (similar to that already reported in [1] and [2] ), that the determination of only two unknown functions O ( :°(a) and 4>+
;) (a), (j = 1, 2) in each case will solve the problem completely.
Calculation of sputtering temperatures
The temperature distribution for the Problem I can be determined by using the relations (3.8) and (3.14). The sputtering temperature at x = 0, that is, at the entry to the first fluid stratum, is obtained from the relation (see Chakrabarti [4] ),
In the special case h x = h 2 , the expression for the sputtering temperature at x = 0 reduces to the same form as obtained by Evans [7] and Chakrabarti [4] .
The sputtering temperature for this problem at the entry to the second fluid stratum, that is, at x = I, is given by The temperature distribution for the Problem II can be determined in the similar way, and the sputtering temperatures at x = 0 and at x = I are respectively given by the relations and 1 AS (4.6)
Numerical results
Numerical results are presented below in Tables 1 and 2 Tables 1 and 2 . All these calculations were done on a PC. The method of calculation clearly ensures the correctness of the results to three significant figures which will be sufficient for such problems. The numerical results presented in Tables 1 and 2 for the two problems under consideration show clearly that the sputtering temperatures, at the two entry points, remain less than 1, as expected. This fact establishes the power of the WienerHopf technique. Furthermore, it handles more complicated boundary-value problems associated with the diffusion equation than those handled previously.
Some asymptotic results for large values of the depth of the upper fluid are derivable from the solutions obtained here. Because of the rather complex-looking expressions involved, such asymptotic calculations are deferred to a later work.
